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Abstract. This work presents an exactly soluble scheme to address the problem of optimal transfer of
quantum states through a set of s harmonic oscillators composing a network with connected ends as a closed
quantum circuit. For this purpose we start from a general quadratic Hamiltonian form. The relationship
between the parameters of the Hamiltonian, the network size, and the time interval required for such
transfer are explicitly shown. Particular physical realizations of this Hamiltonian, transfer of entangled
states, including transfer of states at the expense of a quantum entanglement, are also considered.
PACS. 42.50.-p – 42.50.Ex – 03.67.-a
1 Introduction
Among the various interesting problems studied in quan-
tum optics one may cite (and distinguish) the telepor-
tation of states between two (non interacting) quantum
systems [1], from one subsystem to the other, and alter-
natively, the transfer of states between (interacting) quan-
tum systems [2,3]. In the first case the process occurs cru-
cially due to the intervention of an entangled state that
describes a combined bipartite system. In the second case
the process is due to an appropriate type of interaction
between the subsystems. This second scenario may also
include the study of exchange of states between the sub-
systems [4,5,6,7]. In both scenarios the efficiency of the
process deserves special attention, whose verification in-
volves the calculation of the fidelity and the success prob-
ability of the operation. The case of state transfer is also
interesting, e.g., in the realm of quantum spin networks
[8,9,10]. Others have investigated the behavior of a quan-
tum state propagating through a network of interacting
oscillators [11,12], with few attention on how to find out
the conditions that govern the connected oscillators to al-
low transmission of states closer to the ideal case. The
issue concerns the perfect transfer of states in terms of
fidelity and success probability, including the transfer of
entangled states.
In this work we pursue the answer to the following
query: what is, if any, the appropriated class of Hamilto-
a e-mail: portes@hotmail.com
b e-mail: harg@cefet-rj.br
c e-mail: sbd@cbpf.br
d e-mail: baseiabasilio@gmail.com
nian that allows us to get such a state transfer through the
coupled oscillators network? To this end, we developed a
compact method to obtain a Hamiltonian form that pro-
duces a perfect state transfer through the mentioned net-
work. In particular, we explicitly determine this Hamil-
tonian form for a time independent s-sized network with
connected ends. Such network configuration simulates a
closed quantum circuit of oscillators which is important to
discuss possible occurrence of nonclassical effects, as state
revival, squeezing, and others during the state propaga-
tion. We show that, for a perfect quantum state transfer
along the system, the coupling can not be restricted to
next neighbors, but it must embrace the whole network.
Transfer of correlated quantum states in the network was
also studied, including examples where these type of states
play an auxiliary role for state transfers.
This paper is organized as follows. In the Section 2
we develop the mathematical basis for our analysis to de-
scribe the time evolution of the characteristic function of
the state of our s-sized HO-network. In the Section 3 we
use the result of Section 2 in order to obtain a suitable
Hamiltonian form that yields perfect cyclic transfer of an
arbitrary state. In the Section 4 we discuss the time evo-
lution of a quantum (number) state and also the transfer
of entangled states. The Section 5 treats the propagation
of the (nearest classical) coherent state and discusses the
physical realizations of our employed Hamiltonian form,
including the transfer of states at the expense of a quan-
tum entanglement. The Section 6 contains the comments
and conclusions.
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2 The characteristic function of the system
state
In the Schro¨dinger picture, the density operator ρ(t) for
the state of s identical coupled harmonic oscillator may
be described by means of the characteristic function χ, in
the form [13]
ρ(t) = pi−s
∫
χ (α1, . . . , αs; t)
s
j=1
[
D−1j (αj) d
2αj
]
, (1)
with χ defined in terms of s complex quantities αj as,
χ (α1, . . . , αs; t) ≡ Tr
[
ρ(t)sj=1Dj (αj)
]
, (2)
where
Dj (α) ≡ exp
(
αa†j − α∗aj
)
. (3)
The integration in Eq. (1) is carried out in the whole αj-
plane, and the element d2αj is defined by
d2αj = d (Re(αj)) d (Im(αj)) . (4)
The reduced density matrix ρk for a k-th subsystem
is obtained from the partial trace of ρ(t), taken over all
other subsystems,
ρk(t) = Tr1 [...T rj 6=k [...T rs[ρ(t)]]] . (5)
By considering that
ρk(t) =
1
pi
∫
χk(α; t)D
−1
k (α) d
2α, (6)
and using Eqs. (1) and (5) with the properties of the char-
acteristic function from,
Tr[D(α)] = piδ(2)(α), (7)
the reduced characteristic function can be written as,
χk(α; t) ≡ χ (0, ..., αk, ...0; t)|αk=α . (8)
A complete transfer of the quantum states of them−th
oscillator to the n − th one is obtained by imposing the
prescription,
χn(α; τ) = χm(α; 0), (9)
or
χ (0, ..., αn, ...0; τ) = χ (0, ..., αm, ...0; 0) . (10)
The prescription (9) indicates that the state transfer is
realized after the elapsed time τ .
Next, we use the well known functional identity for
the characteristic function of a system composed by s
quantum-mechanical oscillators [7],
χ (α1, ..., αs; t) = χ(α1(t), . . . , αs(t); 0), (11)
where the complex quantities αj(t) are obtained from the
inverse of the Bogoliubov transformation of the Heisen-
berg operators,
a(t) = µ(t)a(0) + ν(t)a†(0), (12)
namely,
α(t) = µ†(t)α(0)− νT (t)α∗(0), (13)
where the matrix representation was used for operators
and coefficients in (12)-(13), a = [aj ]s×1, α = [αj ]s×1,
µ = [µjk]s×s and ν = [νjk]s×s. It should be emphasized
that the relation (13) is valid only for the Bogoliubov
transformation, when the Hamiltonian is quadratic in the
time-independent creation and annihilation operators, a
and a†. From Eqs. (8), (11) and (13) the temporal evolu-
tion of the reduced characteristic function is given by
χn (α; t) = χ(µ
∗
n1(t)α−νn1(t)α∗, . . . , µ∗ns(t)α−νns(t)α∗; 0).
(14)
From Eq. (9), we have the condition,{
µ∗nj(τ)α − νnj(τ)α∗ = α (j = m)
µ∗nj(τ)α − νnj(τ)α∗ = 0 (j 6= m) , (15)
for arbitrary α. The solution of equation (15) is{
µnj(τ) = δjn, j = 1, . . . , s
νnj(τ) = 0, j = 1, . . . , s
. (16)
Particularly, for a cyclic permutation representing the
state transfer of an oscillator to one of its first neighbor,
and considering the boundary condition of coincident net-
work ends, plus the conditions
χm(α; τ) = χm−1(α; 0) and χ1(α; τ) = χs(α; 0), (17)
we have
µ(τ) = C ≡


0 0 · · · 0 1
1
. . .
. . .
. . . 0
0
. . .
. . .
. . .
...
...
. . .
. . .
. . . 0
0 · · · 0 1 0


(18)
and
ν(τ) = 0. (19)
Substituting Eqs. (18), (19) and (13) in Eq. (11), we find
that
χ (α1, ..., αs; τ) = χ(α2, ..., αs, α1; 0). (20)
Thus, any state transfer between HO-oscillators in the net-
work corresponds to a cyclic permutation of the arguments
in the characteristic function of the whole system after a
time interval τ . This result can be generalized to any type
of permutation, hence not restricted to a cyclic one.
3 The Hamiltonian for perfect state transfer
To construct the time-independent Hamiltonian that de-
scribes the dynamics illustrated in the previous section,
we consider a general quadratic form in the creation a†
and annihilation a operators
H = h¯
s∑
j,k=1
λjka
†
jak + h¯
s∑
j,k=1
(
γjka
†
ja
†
k + γ
∗
jkajak
)
.
(21)
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This Hamiltonian can be diagonalized by a Bogoliubov
transformation given by
a′k =
s∑
j=1
(
Wkjaj + Vkja
†
j
)
, (22)
which leads it to the Hamiltonian form
H = h¯
s∑
j
ωj a
′†
j a
′
j . (23)
By taking the time evolution of the Heisenberg opera-
tors a(t) in Eq. (12) we obtain,
µ(t) = W †e−iΩtW − V T eiΩtV ∗, (24)
ν(t) = W †e−iΩtV − V T eiΩtW ∗, (25)
where
Ω = diag (ω1, ..., ωs) . (26)
To have the complete transfer of state, as mentioned in
previous section (see Eqs. (18) and (19)), the matrices
should satisfy µ(τ) = C and ν(τ) = 0, thus we have
W †e−iΩτW − V T eiΩτV ∗ = C, (27)
and
W †e−iΩτV − V T eiΩτW ∗ = 0. (28)
A proof of uniqueness of Bogoliubov transformation sat-
isfying the last two equations is shown in Appendix A.
This transformation is defined by V = 0 and the unitary
matrix W that diagonalizes C, given explicitly by [14],
Wjk =
1√
s
e2piijk/s. (29)
Thus, we have
WCW † = diag(e−2pii(1/s), e−2pii(2/s)..., e−2pii). (30)
From Eq. (27), and taking V = 0, we obtain
WCW † = e−iΩt. (31)
Equations (30) and (31) lead to the relation
ωj =
2pi
τ
(
j
s
+mj
)
, (32)
where mj are arbitrary integers. We will impose that all
mj ≥ 0 to ensure positive eigenvalues for the Hamiltonian.
For mj = 0 and any j we obtain the frequencies of the
fundamental modes.
As V = 0 we see from Eq. (22) that the terms γjka
†
ja
†
k+
γ∗jkajak are excluded in the Hamiltonian (21). So the gen-
eral form of our Hamiltonian is given by
H = h¯ a†W †ΩWa. (33)
This Hamiltonian form propagates an arbitrary state of an
oscillator in the network, allowing its complete transfer to
another one after the time interval τ . More explicitly, sub-
stituting the form of Ω from Eq. (26) and that of W from
Eq. (29) in Eq. (33) we obtain the coupling coefficients of
the original Hamiltonian (21)
λjk =
2pih¯
sτ
s∑
l=1
(
l
s
+ml
)
exp
(
2pii (j − k) l
s
)
. (34)
Since we have arbitrary integers ml in the last equation,
we indeed obtained an infinite and numerable family of
Hamiltonian forms (labeled by the ml-values), allowing
the perfect state transfer. From Eq. (34) (with k = j) we
can see that the diagonal elements,
λjj =
2pih¯
sτ
s∑
l=1
(
l
s
+ml
)
, (35)
are directly related with the trace of Ω matrix. Note that,
in principle, none of the coupling λjk are null. So, during
the elapsed time τ the perfect transfer of states between
oscillators is an effect of collective coupling between oscil-
lators in the network.
Next, substituting V = 0 into Eqs. (24) and (25), one
gets
µ(t) = W †e−iΩtW (36)
v(t) = 0, (37)
and then
µjk(t) =
1
s
s∑
l=1
exp
(
2pii
[
j − k − t
τ
]
l
s
)
exp(−i2pi
τ
mlt).
(38)
The following properties are satisfied by the these matri-
ces:
µjk(t) = µsk(t− τ), for j = 1, (39)
µjk(t) = µ(j−1)k(t− τ), for 2 ≤ j ≤ s, (40)
and
µjs(t) = µjk(t− τ), for k = 1, (41)
µjk(t) = µj(k+1)(t− τ), for 2 ≤ k ≤ s. (42)
From these properties and knowing that µ(0) = 1, we have
µ(t) for all multiple of the period τ
µ(nτ) = µ(τ)n. (43)
In special, for n = s we have µ(sτ) = 1, as expected, since
we are using coincident ends for the network, as boundary
condition.
4 Number state and entanglement transfer
Here we will firstly analyze the case where the initial con-
figuration represents the first oscillator prepared in a num-
ber state |n〉, while the others in their fundamental modes,
i.e.,
|Ψ(0)〉 = |n, 0, ...., 0〉. (44)
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Choosing the first oscillator instead of any other is irrel-
evant since the Hamiltonian is symmetrical by any cyclic
permutation of the oscillator label, as seen in the previous
section. The characteristic function associated with the
state at t = 0 is
χ(α1, ..., αs; 0) = f
(n)(α1)f
(0)(α2)....f
(0)(αs), (45)
where [13]
f (n)(α) = e−
1
2
α∗αLn(α
∗α), (46)
and Ln(x) stands for the Laguerre polynomial. Thus, tak-
ing into account that L0(x) = 1, we get
χ(α1, ..., αs; 0) = Ln(α
∗
1α1) exp

−1
2
s∑
j=1
α∗jαj

 . (47)
The time evolution of the reduced characteristic function
can be easily obtained by using equation (14) with ν(t) =
0. We thus find
χj(α; t) = e
− 1
2
α∗αLn [gj(t)α
∗α] , (48)
where
gj(t) = µ
∗
j1(t)µj1(t). (49)
Note that the sum
∑
α∗jαj is time invariant due to relation
µ†µ = 1. According to equation (48) the j−th oscillator is
in its ground state when gj(t) = 0 and in a number state
when gj(t) = 1. From the property given by Eq. (39) we
have
gj(t) = g1 (t− (j − 1)τ) . (50)
Therefore all oscillators in the network exhibit similar time
evolution, except for a time delay.
Fig. 1. Function g1(t), defined in the text, with no excitation
( mj = 0 for all oscillators) in a network with size s = 7.
Figure 1 shows the function g1(t) withmj = 0 for all j,
for s = 7. We can see that g(t) has the expected behavior:
for values of time multiples of τ (t = kτ) we have either
g1 = 0 or g1 = 1. We can also see that the transferred
state runs cyclically through the network with the period
sτ . Figure 2 shows the function g1(t) for m2 = 1, m6 = 2
and mj = 0 for other j. For t = kτ the behavior of g1(t),
Fig. 2. Function g1(t), defined in the text, for m2 = 1, m6 = 2
and mj = 0 for other oscillators in a network with s = 7.
showed in figure 2, remains the same; however for t 6= kτ
this behavior is quite different with additional excitations,
which reflects the higher energy level of the Hamiltonian.
It is also easy seeing that an initial entanglement, in
the sense of EPR state [15] will propagate through the
network. For example, if we take
|Ψ(0)〉 = 1√
2
(|n, 0〉+ |0, n〉)× |0, ...., 0〉, (51)
due to the linear time evolution we have for t = τ ,
|Ψ(0)〉 = 1√
2
|0, n, 0...., 0〉+ 1√
2
|0, 0, n, 0...., 0〉 (52)
=
1√
2
|0〉 × (|n, 0〉+ |0, n〉)× |0, ...., 0〉. (53)
The same occurs for any time multiple of τ and oscilla-
tor interactions that occur during the state propagation
restore the entanglement whenever t = kτ . In addition,
if any state correlations is produced by the oscillator in-
teractions itself, they should vanish periodically at every
time t = kτ .
5 Coherent state propagation
Let us now suppose the first oscillator in a coherent state
|β〉 at t = 0, again with the others in their fundamental
mode, i.e.,
|Ψ(0)〉 = |β, 0, ...., 0〉, (54)
with a1|Ψ(0)〉 = β|Ψ(0)〉. The characteristic function as-
sociated with the coherent state |β〉 is
f (β)(α) = e−α
∗α/2eαβ
∗−α∗β . (55)
Thus,
χ(α1, ..., αs; 0) = exp (α1β
∗ − α∗1β) exp

 s∑
j=1
α∗jαj

 .
(56)
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Analogously to the result obtained in Eq. (48), we have
χj(α; t) = exp
(−α∗α/2 + µj1(t)αβ∗ − µ∗j1(t)α∗β) ,
(57)
and the propagation of coherent states is such that at
t = kτ the coherence is restored.
As physical realizations of the Hamiltonian model in
Eq. (21) we mention that: (i) it describes a set of s non-
interacting HO (or equivalently, s field modes) when only
λjj are the non null coefficients; (ii) when λjk = γjk = 0
for all j 6= k it recovers the quadratic (“two-photon”)
Hamiltonian which also responds for the generation of
squeezing effect (see Ref. [17]). One origin/realization of
the “two-photon” Hamiltonian comes from the xp + px
interaction, where x ∝ (a + a†) and p ∝ (a − a†) stand
for the position and momentum operators of the HO (or
the quadratures of a field mode), respectively; (iii) when
γjk = 0 for all j and k, it becomes bilinear in operators
a and a† and concerns a set of s interacting HO (or field
modes), constituting the so called “one-photon” interac-
tion. In this case and in the interaction picture it recovers,
for s = 2, the “beam-splitter” (BS) Hamiltonian for trav-
eling fields, which furnishes the state of the output field
from a given input field that impinges a BS as in [18].
Thus, with λ12 = λ21 = λ and |Ψ〉in = |11, 02〉, we get
|Ψ〉out = exp
(
−iτH
h¯
)
|Ψ〉in
= exp[−iλ(a†1a2 + a1a†2)]|11, 02〉
= cos(λτ)|11, 02〉+ i sin(λτ)|01, 12〉, (58)
cos(λτ) and sin(λτ) being the transmission and reflection
coefficients of the BS. Next, if we let the output (58) work-
ing as an input for a second BS (named BS2 to differ it
from the first BS, now named BS1), similar calculations
result in the new output (Ti = cos(λτi) and Ri = sin(λτi)
being the transmission and reflection coefficients of the
BSi, respectively),
|Ψ2〉out = (T1T2 −R1R2)|11, 02〉
+ i(R1T2 +R2T1)|01, 12〉, (59)
that reduces to (for R1 = T1 and R2 = T2, or R1 = T2
and R2 = T1),
|Ψ2〉out = |01, 12〉, (60)
which can also be viewed as a perfect transfer: of the one-
photon state going from the field mode-1 of BS1 to the field
mode-2 of BS2. Here, contrary to the classical case where
transfer occurs between interacting subsystems, the two
BS’s do not interact and the event comes from intervention
of the quantum entanglement in Eq. (59).
These examples and that of Ref. [3] constitute some
applications of the Hamiltonian model (21). Besides the
HOs and field modes, applications can be extended to nan-
otechnological devices as superconducting quantum cir-
cuits based on Cooper pair boxes, nanoresonators, etc.
[19] .
6 Final remarks and conclusions
In this work we have studied the state transfer between
coupled HO in a s-sized network. The procedure is based
on the dynamic evolution of the system described by the
characteristic function introduced in section II. With this
description we have shown that the complete exchange of
state between oscillators can be accomplished in a char-
acteristic elapse of time. We have determined the explicit
Hamiltonian form that allows such state transfer. The pro-
cedure is somewhat similar to that of “engineering Hamil-
tonians”. In this way, and exploring properties of the char-
acteristic function of the system, we have also analyzed the
transfer of a genuine quantum state and also the trans-
fer of coherent states. For initial entangled states, it was
shown that they are restored whenever the state transfer
is accomplished.
Before finalizing, we call attention for the particular
case s = 2, where one recovers the results found in Ref.
[3] using the Wigner approach. In Ref. [3] cyclical transfer
of states was studied via the Hamiltonian,
H =
pih¯
τ
[(
3
2
+m1 +m2
)(
a
†
1a1 + a
†
2a2
)
+
(
1
2
+m2 −m1
)(
a
†
2a1 + a
†
1a2
)]
, (61)
which can be put in the more compact form,
H = ωh¯
(
a
†
1a1 + a
†
2a2
)
+ ch¯
(
a
†
2a1 + a
†
1a2
)
. (62)
Note that this Hamiltonian provides the relation between
the coupling constant c and the characteristic field fre-
quency ω
c
ω
=
1 + 2m2 − 2m1
3 + 2m1 + 2m2
, (63)
and also the characteristic elapse of time τ value,
τ =
(
1
2
+m2 −m1
)
pi
c
. (64)
Thus, for two oscillators the state transfer occurs when
they have the same frequency, with the coupling param-
eter satisfying Eq. (72) for arbitrary non-negative inte-
gers m1 and m2. According to equation (63), we always
have c < ω. The case c ≪ ω is usually assumed in quan-
tum optics, and periodical transfer of states occurs at
t = (m+ 1/2)pi/c, with m = m2 −m1 being an arbitrary
integer, which recovers our result in Ref. [3].
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8 Appendix A
All Bogoliubov transformation, represented by the matri-
ces W and V, must satisfy four conditions [16]:
WW † − V V † = 1, (65)
W †W − V TV ∗ = 1, (66)
WV T − VWT = 0, (67)
and
W †V − V TW ∗ = 0. (68)
Besides, we need to solve the Eqs. (27) and (28), namely
W †e−iΩτW − V T eiΩτV ∗ = C, (69)
and
W †e−iΩτV − V T eiΩτW ∗ = 0, (70)
where C is a unitary matrix. To this end we multiply from
the left the Eq. (70) by W and replace Eqs. (65), (67) and
(69) to get
e−iΩτV = V C. (71)
Next, multiplying Eq. (69) from the left by W , and re-
placing the Eqs. (65), (67) and (70), we obtain
e−iΩτW = WC. (72)
From Eq. (65) and |det(W )| ≥ 1, then W is invertible and
e−iΩτ = WCW−1. (73)
The matrix that diagonalizes a unitary matrix is also uni-
tary, thus WW † = 1 and V = 0.
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